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Abstract
The elastodynamic Peach-Koehler force is computed for a fully-regularized straight dislocation with isotropic core
in continuum isotropic elastic elasticity, in compact forms involving partial mass or impulsion functions relative to shear
and compressional waves. The force accounts for both dynamic radiation damping and inertia. The expressions are
valid indifferently for subsonic or supersonic velocities. Results are compared with the case of a flat-core dislocation of
the Peierls-Eshelby type, for a motion of jump from rest to constant velocity. In the steady-state limit, the Lagrangian
function relevant to expressing the force in the flat-core case must be replaced by a related but different function for the
regularized dislocation. However, by suitably defining the regularizing dislocation width, the steady-state limits of the
force for the fully-regularized and flat-core dislocations can be matched exactly.
1 Introduction
Dislocations are linear defects whose motion is responsible for the plastic deformation of metals (Anderson et al., 2017).
A given dislocation moves under the cumulative action of the externally applied stress, of the stress generated by other
dislocations, and of its self-stress. All these contributions are accounted for by the Peach-Koehler (PK) force (Peach and
Koehler, 1950). The present work is concerned with the PK self-force, in dynamic situations where the retarded character
of the elastodynamic interactions is of importance. In connection with elastodynamics the current state of knowledge
of the mechanics and physics of high-speed dislocations has been reviewed by Gurrutxaga-Lerma et al. (2020). The
dynamic PK force must be evaluated to devise consistent elastodynamic Discrete Dislocation codes (Gurrutxaga-Lerma
et al., 2015a; Cui et coll., 2019). Although it plays a major role in the dynamic mobility law of dislocations, its influence
in the long-term plastic response of metals (Gurrutxaga-Lerma, 2016) remains to be further assessed, especially with
regard to individual interaction processes between dislocations at high stain rate (Pillon et al., 2006). From a technical
standpoint, it is well-defined (in the sense that it takes on definite values everywhere) only for a dislocation of finite width:
the elastodynamic stress field of a Volterra dislocation (of zero-width core) is a mathematical distribution, or generalized
function. As such, if interpreted as a usual function, it possesses wavefront singularities (Markenscoff, 1982) that need
to be tamed by an appropriate regularization scheme able to account for the finite width of the physical dislocation.
A number of regularization schemes are available (Cai et al., 2006; Lazar, 2009; Po et al., 2018). In this context, the
dislocation density acts as a test function for the fields. The present work is based on the scheme introduced by Pellegrini
and Lazar (2015), that proved very convenient to addressing elastodynamic dislocation problems (Lazar and Pellegrini,
2016).
The nonzero dislocation width results from geometric nonlinearities in elastic field theory (Acharya, 2001), and from
nonlinearity in the interatomic forces (Hunter, Zhang, and Beyerlein, 2014). For this reason, recourse to an atomistic
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approach to the self-force (Cho et al., 2017) has been advocated (Lubarda, 2019) in order to achieve quantitative agreement
with atomistic simulations. However, since inter-atomic forces govern the core shape (possibly time-varying), specifying
empirically this shape by regularization within the framework of linear elasticity can in principle deal with this issue at the
crudest approximation order. In particular, such an approach allows one to approach in general terms the mathematical
structure of the dynamic PK (DPK) self-force.
This DPK force accounts for both inertia and radiation damping (or radiative drag) of dislocations, which are two
sides of the same coin (Nabarro, 1951b; Pellegrini, 2012). Pioneering works have long been confined to the ‘nonrelativis-
tic regime’ of dislocation velocities small with respect to the wavespeeds in the medium. Only recently have non-singular
expressions able to cope with any velocity been proposed (Pellegrini, 2014). In the continuum, radiation damping takes
place either in accelerated/decelerated motion by emission of acceleration or braking waves, or in steady motion at super-
sonic velocities, in the form of energy losses via Mach cones (Lazar and Pellegrini, 2016).1 Formation of Mach cones in
elasticity is sometimes referred to as the elastic Cerenkov effect (Bercoff, Tanter and Fink, 2004; Li and Cao, 2020).
If the lattice structure of the medium is considered, dislocations are moreover subjected to specific effects. The
(conceptually) simplest one is due to the dispersion relations of the crystal, which notably differ from the linear dispersion
relations of continuum elasticity (Atkinson and Cabrera, 1965). This leads to anisotropic response, and modifies the
notion of supersonic velocity (Eshelby, 1956a). However, no complete and undisputable theory of lattice dislocation
dynamics at very high velocity is available so far. Moreover, specific lattice-induced dissipative processes take place
(Al’shitz and Indenbom, 1975; Nadgornyi, 1988), among which the so-called phonon-wind effect. It involves a non-linear
coupling between the dislocation strain field and the phonon field. It has recently been computed in the subsonic regime
within the Debye approximation and isotropic elastic response, leading to a supplementary effective drag force on the
dislocation, fdrag = −B(v)v, where the drag coefficient B(v) depends on velocity and on the dislocation character
(Blaschke, 2019; Blaschke et al., 2020). However, this function B(v) is still unknown in the supersonic regime. Such
lattice-induced processes are left out from the present study, focused exclusively on radiation damping and inertia in
continuum mechanics, which can be computed for any velocity.
Accordingly, the purpose of this work is to investigate, within isotropic linear elasticity, the influence of the regu-
larization scheme on the elastodynamic self-force for straight dislocations in an infinite medium (for interface effects,
see, e.g., (Gurrutxaga-Lerma et al., 2015b)). To this aim the DPK self-force consistent with the work of Pellegrini and
Lazar (2015) is evaluated in terms of effective mass functions (Kosevich, 1979; Hirth, Zbib and Lothe, 1998; Ni and
Markenscoff, 2008; Pellegrini, 2012, 2014). The result is intended for use as a control for the force, for limiting straight
dislocations, in a three-dimensional elastodynamic discrete–dislocation simulation method under development, based on
the 3D regularizing function (12) below (Pellegrini et al., in preparation). For completeness, the three dislocations char-
acters are considered, including the possibility of a ‘climb’-edge component normal to the glide plane that would move
at high velocity along with a ‘glide’-edge component. Admittedly speculative, this possibility (Weertman, 1967a,b),2
cannot be excluded in the context of misfit dislocations (disconnections) gliding on a habit plane, reviewed by Pond et al.
(2003).3
The present work will make clear that, irrespective of the regularization considered, the in-plane component of the
DPK force (per unit dislocation length) reduces in the Volterra limit to an ill-defined formal expression of the ‘mass-form’
type
fPK(t) = −2
∫ t
−∞
dt′
t− t′m(v)
dv
dt′
+ (undetermined). (1a)
where, with ξ(t) the position of the dislocation,
v(t, t′) =
ξ(t) − ξ(t′)
t− t′ , (1b)
andm(v) is the prelogarithmic mass function relative to the dislocation character considered (see next section). Equation
(1a) is mathematically meaningless: the integral is logarithmically divergent (infinite) at t′ = t, and can include another
infinite term, denoted as ‘undetermined’; see Sec. 3 for an example. It nonetheless provides a template to which any
admissible DPK-force expression should be amenable in the limit of vanishing core size, irrespective of the regularization
1In the enlarged context of theories of systems of particles coupled to fields, in which waves are radiated, the problem of the self-force has deep and
still much debated implications with regard to causality; e.g., (Rovelli, 2004; Boozer, 2013).
2See also (Pellegrini, 2010).
3The two media separated by the plane would then need to be assumed (rather academically) of identical isotropic elastic properties.
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procedure employed. The mean velocity (1b) between instants t and t′ appears naturally in this self-interaction prob-
lem (Eshelby, 1953; Pillon et al., 2007) and, more generally, stands as the hallmark of a collective-variable treatment
when a moving defect self-interacts via retarded interactions such as, e.g., a moving magnetic domain wall of finite width
(Bouchaud and Ze´rah, 1990). In a collective-variable treatment, the defect shape and position are hypothesized to evolve
through a small number of time-dependent variables. In expression (1a) only the position variable is considered. Recog-
nition of the fundamental structure of Eq. (1a) (Pellegrini, 2012) followed earlier attempts such as the one by Anderson et
al. (2017, Eq. (7-40)) for the screw dislocation, or by Pillon et al. (2007, Eq. (11)) for screw and edge dislocations, which
involved the instantaneous velocity rather than the mean one.
The next sections illustrate how different regularization schemes turn (1a) into a useful expression. Energy-related
functions, as computed for a Volterra dislocation, are reviewed in the Sec. 2. Section 3 recalls the peculiarities of the DPK
self-force for a semi-regularized (flat-core) Peierls-Eshelby dislocation. Our regularization scheme is introduced Sec. 4,
which offers a general approach to computing the force for a regularized loop and for a straight dislocation. ‘Mass’ and
mpulsion’ forms of the force are derived in Sec. 5. Initial conditions and a few particular motions are discussed in Sec.
6, which presents numerical results and comparisons between the flat-core and the regularized dislocations. Section 7
concludes the paper.
2 Energy-related functions
Consider a straight Volterra dislocation of Burgers vector b that moves at arbitrary velocity steady v in an isotropic
medium. All energy-related functions, such as field energy, Lagrangian, impulsion, and mass, can be expressed as two-
dimensional logarithmically-divergent integrals of appropriate fields over the plane transverse to the dislocation line.
These integrals must be tamed by specifying an upper cut-off R (the system size) and a lower one r0 (of order the
dislocation core size) on the integration radius. A factor log(R/r0) results for all these functions (Hirth, Zbib and Lothe,
1998), and only the multiplicand – the so-called logarithmic prefactor – is of interest. Thus, when referring hereafter to
energy-related functions, we shall in fact always refer by a slight abuse of language to their logarithmic prefactor.
The Lagrangian function L(v) is defined as the difference between the kinetic and elastic energy of the field of the
steadily-moving dislocation. The medium has Lame´ elastic constants λ and µ, density ρ, and shear and longitudinal
wavespeeds cS =
√
µ/ρ and cL =
√
(λ+ 2µ)/ρ, respectively. Lagrangian functions read, for the screw (s), glide-edge
(g) and climb-edge (c) dislocation characters (Weertman, 1967a; Beltz, Davis and Male´n, 1968),
Ls(v) = −w0
√
1− v2/c2S, (2a)
Lg(v) = −w0 4
(cS
v
)2{√
1− v2/c2L −
[1− v2/(2c2S)]2√
1− v2/c2S
}
, (2b)
Lc(v) = −w0 4
(cS
v
)2{√
1− v2/c2S −
[1− v2/(2c2S)]2√
1− v2/c2L
}
, (2c)
where, with b the modulus of the Burgers vector, w0 = µb
2/(4π) is the reference line energy density per unit dislocation
length. From these expressions, the impulsion p(v) and massm(v) functions are obtained as the derivatives p(v) = L′(v)
andm(v) = L′′(v).
Introducing the wavespeed ratio
φ = cL/cS, (3)
the impulsion functions deduced from (2a)–(2c) are
ps(v) =
w0
cS
v
cS
√
1− v2/c2S, (4a)
pg(v) =
w0
cS
(cS
v
)3 [
4
(
1− v
2
c2L
)−1/2(
2− v
2
c2L
)
−
(
1− v
2
c2S
)−3/2(
8− 12v
2
c2S
+ 2
v4
c4S
+
v6
c6S
)]
, (4b)
pc(v) =
w0
cS
(cS
v
)3{
4
(
1− v
2
c2S
)−1/2(
2− v
2
c2S
)
−
(
1− v
2
c2L
)−3/2 [
8− 12v
2
c2L
+ 2φ2
(
2− φ2) v4
c4L
+ φ4
v6
c6L
]}
.
(4c)
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Furthermore, the mass functions can be written as
ms(v) =
w0
c2S
(
1− v2/c2S
)−3/2
, (5a)
mg(v) =
w0
c2S
(cS
v
)4 [(
1− v
2
c2S
)−5/2 (
24− 60v
2
c2S
+ 46
v4
c4S
− 7v
6
c6S
)
− 4
(
1− v
2
c2L
)−3/2(
6− 9v
2
c2L
+ 2
v4
c4L
)]
, (5b)
mc(v) =
w0
c2S
(cS
v
)4{(
1− v
2
c2L
)−5/2 [
24− 60v
2
c2L
+ 2
(
24− 2φ2 + φ4) v4
c4L
+ φ2
(
φ2 − 8) v6
c6L
]
−4
(
1− v
2
c2S
)−3/2(
6− 9v
2
c2S
+ 2
v4
c4S
)}
, (5c)
where the ‘screw’ and ‘glide-edge’ expressions have previously been given by Hirth, Zbib and Lothe (1998) in other
equivalent forms. The above writing is more convenient for the present purpose.
The dislocation energy function is
W (v) = v p(v)− L(v). (6)
It is equal to the sum of the kinetic and elastic energies of the field, which both depend on v. Confusion sometimes arises
in the literature between the kinetic energy of the material displacement field and the kinetic energy of the dislocation.
The kinetic energy of the dislocation is
K(v) = W (v)−W (0). (7)
All of the above functions have a well-defined limit when v → 0.
3 Flat-core regularization: the Peierls(-Eshelby) dislocation
Elastodynamic dislocation theory was initiated considering a flat-core dislocation of the Peierls type (Nabarro, 1951a;
Eshelby, 1953). This semi-regularized model has a finite-valued stress field everywhere, but the field is discontinuous
at the slip plane since the solution can be obtained in the simplest case from a Volterra dislocation by “cutting out the
material between the planes y = ±a and gluing together the remainder” (Eshelby, 1949).
There has been a long practice of dealing with subsonic and supersonic regimes of source motion by means of separate
analytical treatments (e.g., Eringen and Suhubi (1975, Sec. 7.11)). However, the ‘Peierls-Eshelby’model and some related
ones are compatible with any speed (possibly supersonic) if the fields are formulated in terms of complex-valued times,
and the self-force is formulated in terms of complex-valued speeds. Thus, compact analytical expressions that encompass
all regimes are obtained (Pellegrini, 2012, 2014). There are at least two reasons for this: (a) from the physical standpoint,
and within the class of models considered, the possibility of a complex-valued velocity has been related (Pellegrini,
2017) to the outgoing-wave radiation condition that implements causality at the fundamental level of the elastodynamic
Green operator; (b) from the mathematical standpoint, field expressions for Volterra dislocations are generalized functions
(distributions), and representations with complex numbers is a well-knownmethod of regularizing such ‘functions’. Then,
the occurrence of complex-valued velocities, of imaginary part determined by the core size, stands as a consequence of
the simple analytical structure in the complex domain of the core-regularizing function used as a test function. These two
aspects are interrelated because assessable wave emission is produced by a core of finite size.
Specifically, for the ’Peierls-Eshelby’ model, the in-plane component of self-force has been derived in terms of the
mass functions (5a)–(5b) as4
fPK, flat-core(t) = −2Re
∫ t
−∞
dt′
t− t′m(v(t, t
′))
dv
dt′
(t, t′)− w0κ 2
a(t)
ξ˙(t)
cS
, (8)
where
v(t, t′) =
ξ(t)− ξ(t′)
t− t′ +
i
2
a(t) + a(t′)
t− t′ (9)
4In Ref. (Pellegrini, 2014) this force, interpreted as an inertial force, is considered with the opposite overall sign.
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is a complex-valued velocity akin to a mean velocity between instants t and t′ supplemented by an imaginary part that
involves the time-dependent core width a(t), m(v) is the function appropriate to each dislocation character taken among
Eqs. (5a)–(5c), and κ is a coefficient that depends on the dislocation character, to be explained next. In the Volterra limit,
expression (8) falls back to the template (1a), with the rightmost term leading to the additional ‘undetermined’ infinite
contribution.
In (9), the imaginary part of the complex-valuedmean velocity completely regularizes the equation of motion in which
the self force intervenes, making its solution well-defined. It can be easily shown by the method employed to derive (8)
that the form (8) holds as well for a ‘climb’ component, with mass function (5c).
The following limits affect the expression (8) of the self-force. Assuming that in the remote past the dislocation is at
rest or moves with constant speed, one has
lim
t′→t−
v(t, t′) = +i∞, (10a)
lim
t′→−∞
v(t, t′) = ξ˙(−∞) + i 0+. (10b)
The integral term in (8) represents retarded self-interactions as the dislocation moves on its slip plane, and fully accounts
for inertia of elastodynamic origin. It is well-defined as t′ → t− becausem(+i∞) = 0, see (5a)–(5c). The rightmost term
in (8) originates from the radiation damping term in the DPE caused by wave outflow from the slip plane. For screw or
glide-edge dislocations, the constant κ is equal to 1. However, an indirect argument has shown that its general expression
in this model is κ = (cS/w0) Im[p(+i∞)] (Pellegrini, 2012, Eq. (66)), which is a consequence of the equal-time limit
(10)1. Hence, for a ‘climb-edge’ Burgers vector component, κ = cL/cS.
Equation (8) was first derived (Pellegrini, 2012) as part of a mean-field solution (Pellegrini, 2014) of the dynamic
Peierls integro-differential equation (DPE) (Pellegrini, 2010), with the denomination ‘mean-field’ referring to the approx-
imation procedure employed; namely, to reduce the numbers of degrees of freedom by imposing the master shape of the
core, while allowing the core to vary only through the size parameter a introduced as a scaling variable. In the DPE the
core shape function is the unknown.
In this context, the radiative damping term has raised some debate (Markenscoff, 2011; Pellegrini, 2011). This issue
is further documented here, by observing that the kernel for the stress on the slip plane in the DPE is the same as for a
self-healing crack. In crack theory, the necessity for this damping term has long been known, which the present author
was unaware of while rediscovering it independently in 2010. Apparently first hinted at by Rice (1993) to account for
the energy outflow of a seismic fault, this term was explicitly exhibited by Cochard and Madariaga (1994) for a mode–III
crack (which would correspond to a screw dislocation), and was subsequently further generalized to the other crack modes
by Perrin, Rice and Zheng (1995), Geubelle and Rice (1995, Eqs. (25)–(26)), Cochard and Rice (1997); see also Josien
(2018).5 As the latter works make clear, calculations are most straightforward in the spectral domain, because the various
possibilities of integrating by parts with respect to the space or time variables, within the boundary-integral expression
for the dynamic stress, make the expression of the stress kernel in the spatio-temporal domain vary from one author to
another. Of course, the κ coefficient obtained from p(v) as recalled above, matches its value obtained by other means in
crack theory. Still, the relationship between the elastodynamic stress on the slip plane, and the Lagrangian and impulsion
functions with a complex-valued velocity argument was derived in the dislocation context. While being undisputable,
it is not yet fully understood and certainly deserves further investigations with regard to the physics of radiative wave
emission.
For the flat-core dislocation, Equ. (8) determines ξ(t) if the core is rigid, with a(t) ≡ a constant. However, if the core
is allowed to depend on time a second equation for a(t) must be derived, on the basis of the energetics of the γ-surface in
the Peierls model, as for the flat-core dislocation (Pellegrini, 2014). This point is not further considered hereafter.
4 The dynamic Peach-Koehler self-force
4.1 Regularized dislocation density
The Nye dislocation-density tensor is well-suited to representing dislocation cores, even at the atomistic level (Hartley
and Mishin, 2005;Woodward et al., 2008). A regularized dislocation loop is represented by its Nye density tensor defined
5A typo in (Geubelle and Rice, 1995, Eq. (26)) has been corrected in (Cochard and Rice, 1997, Eq. (A.1)), as pointed out in the later reference.
5
by the loop integral of line element ds
αij(r, t) = bi
∮
L(t)
δ(3)ε (r− s)dsj , (11)
where δ
(3)
ε (r) is the 3D regularizing function. It can be construed as a local spatial density of Burgers vector and charac-
terized the rigid core shape of the dislocation. The present work uses the model
δ(3)ε (r) =
ε
π2(r2 + ε2)2
. (12)
Integrating it along the z coordinate yields the following 2D density
δ(2)ε (r) =
ε
2π(r2 + ε2)2/3
. (13)
The vector r = (x, y, z) in (12), whereas r = (x, y) in (13). In both cases, the 3D and 2D Fourier transforms of these
functions is exp(−εk), where k stands for the 2D or 3D Fourier wavevector. Thus, these functions are of unit integral
and reduce to the 3D or 2D Dirac distributions (case of a Volterra dislocation) when ε→ 0. A more involved core model,
again exponential in the Fourier space but with additional directional dependence, has been considered by Gu¨nther (1973).
Equation (13) has been used to regularize the 2D elastodynamic problem of straight dislocations (Pellegrini and Lazar,
2015; Lazar and Pellegrini, 2016). Compared to other popular regularizing functions used for dislocation problems (Cai
et al., 2006; Po et al., 2018), the present ones benefit from the simpler autoconvolution property δε ⋆δε = δ2ε in 2D or 3D,
as the FTs immediately show (the star denotes convolution with respect to the space variable), which notably simplifies
the computation of the self-force. Also, with these functions the regularized elastodynamic Green operator is amenable
to elementary functions.
4.2 Expression for a regularized dislocation loop
The dislocation motion along direction m is constrained on the plane of unit normal n. The time-dependent dislocation
position is s(t) = s(t). The unit tangent vector is ξ = n ×m = −e3. The unit vectors along the axes of the Cartesian
coordinate system aremi = δi1, ni = δi2, and e
3
i = δi3. The dislocation current is
Iij(r, t) = biεjkl
∮
L(t)
δ(3)ε (r− s)Vk(s, t)dsl, (14)
whereV(s, t) is the velocity vector.6 If a curvilinear coordinate λ is used to integrate along the loop, so that s = s(λ, t),
thenV(s, t) = V(λ, t) = ∂ts(λ, t).
The density and current are related by the conservation equation for the Burgers vector (Kosevich, 1962, 1979)
α˙ij(r, t) + ǫjklIik,l(r, t) = 0. (15)
The stress σij follows from the elastic distortion βij by Hooke’s law σij(r, t) = cijklβkl, where the isotropic elasticity
tensor reads in terms of the Lame´ elastic moduli λ and µ,
cijkl = λδijδkl + µ(δikδjl + δilδjk). (16)
The elastic distortion and the material velocity are determined by (Mura, 1963; Rogula, 1965)
βij(r, t) =
∫ t
−∞
dt′
∫
d3r′
[
ǫjlnGim,k(r− r′, t− t′) cmkpl αpn(r′, t′) + ρ G˙im(r− r′, t− t′)Imj(r′, t′)
]
, (17a)
vi(r, t) =
∫ t
−∞
dt′
∫
d3r′Gij,k(r− r′, t− t′) cjklmIlm(r′, t′). (17b)
6The convention for the indices is the transpose of, e.g., the one used by Kro¨ner (1958), Kosevich and Mura, whereas Rogula defines the dislocation
density with a negative sign.
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The expressions involve the elastodynamic Green operatorGij(r, t), which is a generalized function (Pellegrini and Lazar,
2015). Substituting (11) and (14) into this equation and introducing the regularized 3D Green operator
Gε = G ∗ δ(3)ε , (18)
yields
βij(r, t) = bpǫjln
∫ t
−∞
dt′
∮
L(t′)
[
Gεim,k(r− s, t− t′)cmkpl + ρ G˙εip
(
r− s, t− t′)Vl(s, t′)]dsn (19a)
vi(r, t) = bpǫmln
∫ t
−∞
dt′
∮
L(t′)
Gεij,k(r− s, t− t′) cjkmpVl(s, t′) dsn. (19b)
The 3D regularized Green operator is computed explicitly elsewhere. It is nowhere singular. The reader is referred to the
above reference for its analytical expression in the two-dimensional problem examined in the next section.
The DPK force is given by the Peach-Koehler formula (Peach and Koehler, 1950) generalized to a spread dislocation
density (Rogula, 1965)
fPKi (t) = ǫijk
∫
d3r σlj(r, t)αlk(r, t) = ǫijkcljmn
∫
d3r βmn(r, t)αlk(r, t). (20)
Our line orientation convention is that of Fig. 2 in the PK reference; see, e.g., Lubarda (2019) for a review. Note that
even in the presence of a ‘climb’ Burgers vector component, the usual form of the elastic PK force has been employed.
In writing so, we adhere to Lothe and Hirth (1967) and take the stress-free crystal as the reference state (deWit, 1968),
disregarding any osmotic force on vacancies; e.g., (Ke et al., 2014). Indeed in the present context a ‘climb’ component
simply stands for a step at a partial dislocation that bounds a stacking fault. If, on the contrary, one wishes to follow
Weertman (1965) (see also Landau et al. (1986, p. 118)), it is necessary to replace in (20) the stress by its deviator
σ′ij = σij − δijσkk/3, and consequently to replace cljmn by the correspondinglymodified elastic tensor c′ljmn = cljmn−
ckkmnδlj/3. For either choice, the in-plane components of the force for the ‘screw’ and ’edge’ dislocations remain the
same (see below).
Since the core-shape function obeys δ
(3)
ε ∗ δ(3)ε = δ(3)2ε , one gets
fPKi (t) = blbuǫijkǫnpscljmn
∫ t
−∞
dt′
∮
L(t)
dsk
∮
L(t′)
ds′s
[
G2εmr,o(s− s′, t− t′)croup + ρ G˙2εmu
(
s− s′, t− t′)Vp(s′, t′)] .
(21)
4.3 Straight regularized dislocation
We now apply the above to a straight dislocation, for which onemust take s(t) = ξ(t)m+ze3, where ξ(t) is the dislocation
position along axisOx. The line integration element becomes dsi = δi3dz, and Vp(s, t) = ξ˙(t)δ1p. The loop integrations
reduce to integrations over the z coordinate. In the limit of an infinite dislocation, boundary contributions at z = ±∞
can be ignored. We go to 2D coordinates in the plane normal to the dislocation line. Introducing the two-dimensional
regularized Green operator
G
(2)ε
ij (x, y, t) =
∫ +∞
−∞
dzG
(2)ε
ij (xm+ yn+ ze
3, t), (22)
the force per unit dislocation line is then
fPKi (t) = blbuǫij3ǫnp3cljmn
∫ t
−∞
dt′
[
G(2)2εmr,o (ξ(t) − ξ(t′), 0, t− t′)croup + ρ G˙(2)2εmu
(
ξ(t)− ξ(t′), 0, t− t′)ξ˙(t′)δp1] .
(23)
The force component fPK3 (t) along the straight dislocation line vanishes, as the presence of the factor ǫij3 shows. The only
nonzero components of the regularized two-dimensional Green operator, which does not depend on the third coordinate,
areG11,G12 = G21,G22 andG33. Computing the index contractions, and omitting for brevity all the obvious superscripts
and arguments, one finds that:
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• ‘Screw’: b = [0, 0,−b].
f s1 = −b2µ2
∫ t
−∞
dt′
[
G33,1 +
1
c2S
G˙33ξ˙(t
′)
]
, f s2 = −b2µ2
∫ t
−∞
dt′G33,2; (24)
• ‘Glide’ edge: b = [b, 0, 0].
fg1 = −b2µ2
∫ t
−∞
dt′
[
φ2G11,1 +
(
φ2 − 3)G12,2 −G22,1 + 1
c2S
G˙11ξ˙(t
′)
]
, (25a)
fg2 = −b2µ2
∫ t
−∞
dt′
[
φ2G11,2 + φ
2
(
3− φ2)G12,1 − (φ2 − 2)2G22,2 + 1
c2S
(
2− φ2) G˙12ξ˙(t′)] ; (25b)
• ‘Climb’ edge: b = [0, b, 0].
f c1 = b
2µ2
∫ t
−∞
dt′
[(
φ2 − 2)2G11,1 + φ2 (φ2 − 3)G12,2 − φ2G22,1 − φ2
c2S
G˙22ξ˙(t
′)
]
, (26a)
f c2 = b
2µ2
∫ t
−∞
dt′
[
G11,2 +
(
3− φ2)G12,1 − φ2G22,2 + 1
c2S
G˙12ξ˙(t
′)
]
. (26b)
Because if y = 0, G33,2 = G11,2 = G12,1 = G22,2 = G˙12 = 0, the above reduces to
• ‘Screw’:
f s1 = −b2µ2
∫ t
−∞
dt′
[
G33,1 +
1
c2S
G˙33ξ˙(t
′)
]
, f s2 = 0; (27a)
• ‘Glide’ edge:
fg1 = −b2µ2
∫ t
−∞
dt′
[
φ2G11,1 +
(
φ2 − 3)G12,2 −G22,1 + 1
c2S
G˙11ξ˙(t
′)
]
, fg2 = 0; (27b)
• ‘Climb’ edge:
f c1 = b
2µ2
∫ t
−∞
dt′
[(
φ2 − 2)2G11,1 + φ2 (φ2 − 3)G12,2 − φ2G22,1 − φ2
c2S
G˙22ξ˙(t
′)
]
, f c2 = 0. (27c)
with f s,g,c2 = 0. Thus, the self-force only acts in the direction of motion. This result is independent of the regularization
procedure. Had the Weertman (1965) modification of the self-force been used (with (21) written with c′ljmn rather than
with cljmn), then Eqs. (25b) and (26a) would have been modified, inducing the following changes in equations (27b)–
(27c): fg2 = (2/3)f
g
1 ; f
c
1 = −(2/3)b2µ2
∫
dt′ [(φ2−2)G11,1+(φ2+2)G12,2+2G22,1+(2/c2S)G˙22ξ˙(t′)]. Thus, insofar
as only the in-plane force component for the screw and the glide edge dislocations is of interest, this modification is of no
consequence. However, it affects the normal component of the force for the glide-edge dislocation, and both components
of the force for the climb-edge dislocation. Weertman’s modification is not further considered hereafter.
5 Self-force in ‘mass’ and ‘impulsion’ forms
In this section, the self-force is computed explicitly for arbitrary motion under specially appealing forms.
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5.1 ‘Mass’ form of the self-force with partial mass functions
With the regularization defined by (13), the 2D regularized elastodynamic Green operator G(2)ε = G(2) ⋆ δ
(2)
ε has been
computed by Pellegrini and Lazar (2015). With r = (x, y), its nonzero components read
G
(2)ε
ij (r, t) =
θ(t)
4πρ
Re
 ∑
P=S,L
1
cP
√
c2Pt
2 − r2
[
δij ± 1
r2
(
2c2Pt
2 − r2) (δij − 2rirj
r2
)]
cPt→cPt+iε
i, j = 1, 2, (28a)
G
(2)ε
33 (r, t) =
θ(t)
2πρ
Re
1
cS
√
(cSt+ iε)2 − r2
, (28b)
where θ(t) is the Heaviside function, and where the signs ± apply to the S and L wave-terms, respectively. These
expressions indicate that in two dimensions computing the above convolution essentially amounts to replacing in the
standard Green operator G(2) (Eringen and Suhubi, 1975, p. 412) the propagation distances cSt and cLt by cSt + iε and
cLt+ iε, respectively, and taking the real part. By homogeneity, the standard Green operator depends on time only via the
groups r/(cSt) and r/(cLt). Consequently, expressions such as [ξ(t) − ξ(t′)]/[cS,L(t − t′)] within the standard operator
are transformed by regularization into [ξ(t)− ξ(t′)]/[cS,L(t− t′)+ iε] in the regularized one (23). This makes it desirable
to introduce the following complex-valued ‘mean velocities’ between instants t and t′:
vS,L(t, t
′) =
cS,L ∆ξ(t, t
′)
cS,L(t− t′) + ia , (29)
where
∆ξ(t, t′) = ξ(t)− ξ(t′), (30)
and account has been made of the doubling of the regularizing length as a = 2ε – the core diameter – in the Green operator
within (23). The elements G
(2)2ε
ij,k (ξ(t) − ξ(t′), 0, t− t′) of interest, expressed in terms of vS,L, are listed in Appendix A.
By contrast with the flat-core limits (8), one now has
lim
t′→t−
vS,L(t, t
′) = 0, lim
t′→−∞
vS,L(t, t
′) = ξ˙(−∞) + i0+. (31)
Considering that: (i) the regularized Green operator can be written as a sum of separate operators relative to each partial
wave P = S,L; (ii) each operator can be written as a function of the variable vS,L(t, t
′), times a factor 1/∆ξ2(t, t′), there
exists tensor functionsHS,Lij (z) andH
S,L
ijk (z) of a single complex variable z (hereafter distinguished only by their number
of indices) such that
G˙
(2)2ε
ij (ξ(t)− ξ(t′), 0, t− t′) =
c2S
2πµ
1
∆ξ2(t, t′)
Re
∑
P=S,L
HPij
(
vP(t, t
′)
cP
)
, (32a)
G
(2)2ε
ij,k (ξ(t)− ξ(t′), 0, t− t′) =
cS
2πµ
1
∆ξ2(t, t′)
Re
∑
P=S,L
HPijk
(
vP(t, t
′)
cP
)
, (32b)
TheHL,S(z) tensor elements of interest are read directly from Eqs. (65a)–(65g) of Appendix A. It can be verified that the
following equal-time limits hold:
lim
t′→t
G˙
(2)2ε
ij (ξ(t) − ξ(t′), 0, t− t′) =
c2S
2πµa2
δij , (33a)
lim
t′→t
G˙
(2)2ε
ij,k (ξ(t) − ξ(t′), 0, t− t′) = 0. (33b)
These well-behaved limits stem from a cancellation of inessential singularities between partial-wave terms. However,
the derivation to follow requires equal-time limits relative to each wave to be well-defined. To this aim, some functions
HP(z) are modified by subtracting out their leading-order term zα with α ≤ 0, when z → 0, which leaves unchanged the
overall expressions (32a)–(32b). These modifiedH-functions are listed in Appendix A.
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Thus, using the derivative (d/dt′)1/∆ξ(t, t′) = 1/∆ξ2(t, t′), and the identities
1
∆ξ(t, t′)
=
1
cP(t− t′) + i a
(
cP
vP
)
,
1
∆ξ2(t, t′)
=
1
cP
(
cP
vP
)2
d
dt′
1
cP(t− t′) + i a , (34)
one gets,
G(2)2εmr,o (ξ(t)− ξ(t′), 0, t− t′)croup + ρ G˙(2)2εmu
(
ξ(t) − ξ(t′), 0, t− t′)δp1ξ˙(t′)
=
1
2πµ
Re
∑
P=S,L
1
∆ξ2(t, t′)
[
cSH
P
mro
(
vP
cP
)
croup + ρ c
2
SH
P
mu
(
vP
cP
)
δp1ξ˙(t
′)
]
=
1
2πµ
Re
∑
P=S,L
[(
d
dt′
1
cP(t− t′) + i a
)
cS
cP
c2P
v2P
HPmro
(
vP
cP
)
croup + µH
P
mu
(
vP
cP
)
δp1
d
dt′
1
∆ξ(t, t′)
]
=
dBmup
dt′
(t, t′)− 1
2πµ
Re
∑
P=S,L
cS
cP
{
1
cP(t− t′) + i a
d
dt′
[
c2P
v2P
HPmro
(
vP
cP
)]
croup +
µ
∆ξ
[
d
dt′
HPmu
(
vP
cP
)]
δp1
}
,
=
dBmup
dt′
(t, t′)
− 1
2πµ
Re
∑
P=S,L
1
cP(t− t′) + i a
1
cP
{
cS
cP
[
z−2HPmro(z)
]′
croup + µ z
−1
[
HPmu(z)
]′
δp1
}
z=
vP(t,t
′)
cP
dvP
dt′
(t, t′). (35)
where the prime stands for a derivative with respect to z, and
Bmup(t, t
′) =
1
2πµ
1
∆ξ(t, t′)
Re
∑
P=S,L
[
cS
vP
HPmro
(
vP
cP
)
croup + µH
P
mu
(
vP
cP
)
δp1
]
. (36)
Thanks to the use of the modifiedH-functions, the Bmup(t, t
′) terms can be shown to vanish at the boundaries t′ → −∞
and t′ = t of the time integral, so that the leftmost time-derivative in (35) plays no part. This step is key to moving
forward.
It follows that upon introducing partial mass functions relative to each wave defined as
m˜P(z) =
blbu
4πµ
ǫnp3cl2mn
1
c2P
{
cS
cP
[
z−2HPmro(z)
]′
croup + µ z
−1
[
HPmu(z)
]′
δp1
}
, (37)
the substitution of expression (35) into (23) eventually yields the in-plane component of the self-force in ‘mass form’ as
fPK1 (t) = −2Re
∫ t
−∞
dt′
∑
P=S,L
cP
cP(t− t′) + i am˜P
(
vP(t, t
′)
cP
)
dvP
dt′
(t, t′). (38)
If we formally let a = 0, both mean velocities vS,L reduce to v, Eq. (1b), and the force reduces to (1a) with the quantity
m(v) =
∑
P=S,L
m˜P(v/cP) (39)
coinciding with the usual (prelogarithmic) mass function of a Volterra dislocation. The partial mass functions (37),
evaluated for the three dislocation characters with the help of (66a)–(66g), read
• Screw dislocation:
m˜sS(z) =
w0
c2S
(
1− z2)−3/2 , msL(z) = 0; (40a)
• Glide-edge dislocation:
m˜gS(z) =
w0
c2S
z−4
[(
24− 60 z2 + 46 z4 − 7 z6) (1− z2)−5/2 − 24] , (41a)
m˜gL(z) = −4
w0
c2S
(φ z)−4
[(
6− 9 z2 + 2 z4) (1− z2)−3/2 − 6] ; (41b)
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• Climb-edge dislocation:
m˜cS(z) = −4
w0
c2S
z−4
[(
6− 9 z2 + 2 z4) (1− z2)−3/2 − 6] , (42a)
m˜cL(z) =
w0
c2S
(φ z)−4
{[
24− 60 z2 + 2 (24− 2φ2 + φ4) z4 + φ2 (φ2 − 8) z6] (1− z2)−5/2 − 24} . (42b)
These partial mass functions go to finite values as z → 0. Combining the S and L functions according to (39), the mass
expressions (5a)–(5c) of a Volterra dislocation are retrieved in each case.
5.2 ‘Impulsion’ form of the self-force with partial impulsion functions
An ’impulsion’-formexpression of the self-force (Pellegrini, 2014) is now derived using partial impulsion functions p˜P(z)
defined as
p˜P(z) = cP
∫ z
0
dz m˜P(z). (43)
Since p′(v) = m(v), withm(v) given by (39), the usual impulsion function is retrieved as
p(v) =
∑
P=S,L
p˜P(v/cP). (44)
Consequently,
d
dt′
p˜P(vP(t, t
′)/cP) = m˜P (vP(t, t
′)/cP)
dvP
dt′
(t, t′). (45)
Using this derivative, Eq. (38) is integrated by parts, with vanishing boundary contributions. The following ‘mpulsion’
form of the self-force obtains:
fPK1 (t) = 2Re
∫ t
−∞
dt′
∑
P=S,L
c2P
[cP(t− t′) + i a]2 p˜P
(
vP(t, t
′)
cP
)
. (46)
The partial impulsion functions for the three characters read:
• Screw dislocation:
p˜sS(z) =
w0
cS
z
(
1− z2)−1/2 , p˜sL(z) = 0; (47a)
• Glide-edge dislocation:
p˜gS(z) = −
w0
cS
z−3
[(
1− z2)−3/2 (8− 12 z2 + 2 z4 + z6)− 8] , (48a)
p˜gL(z) = 4
w0
cS
(φ z)−3
[(
1− z2)−1/2 (2− z2)− 2] ; (48b)
• Climb-edge dislocation:
p˜cS(z) = 4
w0
cS
z−3
[(
1− z2)−1/2 (2− z2)− 2] , (49a)
p˜cL(z) = −
w0
cS
(φ z)−3
{(
1− z2)−3/2 [8− 12 z2 + 2φ2 (2− φ2) z4 + φ4z6]− 8} . (49b)
Substituting these functions into (44) yields Eqs. (4a)-(4c).
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5.3 Partial energy-related functions
The next Section requires for P = S,L, partial Lagrangian functions L˜P defined such that
L˜′P(z) = cP p˜P(z), and L(v) = L˜S(v/cS) + L˜L(v/cL), (50)
namely,
• Screw dislocation:
L˜sS(z) = −w0
(
1− z2)1/2 , L˜sL(z) = 0; (51a)
• Glide-edge dislocation:
L˜gS(z) = 4w0 z
−1/2
[(
1− z2/2)1/2 (1− z2)−1/2 − 1] , (52a)
L˜gL(z) = −4w0 (φ z)−1/2
[(
1− z2)1/2 − 1] ; (52b)
• Climb-edge dislocation:
L˜cS(z) = −4w0 z−1/2
[(
1− z2)1/2 − 1] , (53a)
L˜cL(z) = 4w0 (φ z)
−1/2
[(
1− φ2z2/2)2 (1− z2)−1/2 − 1] . (53b)
Likewise, partial energy functions are introduced as
W˜P(z) = cP z p˜P(z)− L˜P(z). (54)
From these, partial dislocation kinetic energies are defined as
K˜P(z) = W˜P(z)− W˜P(0). (55)
6 Initial conditions and particular motions
In this section, the self-force is computed analytically for particular motions from the above integral representations, by
adapting the method employed in (Pellegrini, 2012, 2014).
6.1 Steady motion on a time interval
If at time t the dislocation has undergone steady motion at speed v (possibly, v = 0) during the past time interval
t′ ∈ [t1, t2], where −∞ ≤ t1 < t2 ≤ t, the contribution fPK1 [t1,t2](t) of this interval to the self-force (38) is as follows.
The time variable t′ is traded for u = vP as the integration variable, letting uP1,2(t) = vP(t, t1,2). Then,
fPK1 [t1,t2](t) = −2Re
∫ t2
t1
∑
P=S,L
cP dt
′
cP(t− t′) + i am˜P(vP/cP)
dvP
dt′
(t, t)
= −2Re
∑
P=S,L
cP
v(cP t+ i a)− cP ξ(t)
∫ uP 2(t)
uP 1(t)
du (v − u)m˜P(u/cP). (56)
The indefinite integral (by one partial integration)∫
du (v − u)m˜P(u/cP) = (v − u)p˜P(u/cP) + L˜P(u/cP) = v p˜P(u/cP)− W˜P(u/cP), (57)
gives
fPK1 [t1,t2](t) = −2Re
∑
P=S,L
cP
v(cPt+ i a)− cPξ(t)
{
v [p˜P (uP 2/cP)− p˜P (uP 1/cP)]−
[
W˜P (uP 2/cP)− W˜P (uP 1/cP)
]}
.
(58)
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Figure 1: Dynamic Peach-Koehler self-force for screw (top), glide-edge (middle), and climb-edge (bottom) dislocations.
Subplots (a): dynamics as a function of time, Eq. (61), for jump from rest to a steady-state of speed v, for v/cS = 0.1,
0.2, 0.5, 0.9, 1.0, 1.2, 1.5, 2.0 (screw; light grey for v/cS ≤ 1 and black otherwise), and v/cS = 0.1, 0.2, 0.5, 0.8, 0.9,
1.0, 1.2, 1.5, 2.0, 2.2, 2.5, 3.0, 5.0 (glide and climb edges; light grey for vcS ≤ 1, medium grey for 1 < v/cS ≤ cL/cS,
and black otherwise). Subplots (b): asymptotic force (62) (thick, black) with overlaid Eq. (3.28) from (Pellegrini, 2018)
(thin, white), and result for a flat-core dislocation (dashed; see text). Consideration of a fast ‘climb-edge’ dislocation is
speculative (see text).
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6.2 Dislocation starting from rest
Now, if the dislocation is at rest for t < 0, and dynamic motion begins at t = 0, the effect on the self-force of the
dynamic relaxation (‘erasure’) of the initial static field of the dislocation at rest (Pellegrini, 2014; Lazar and Pellegrini,
2016) is expressed by the contribution of fPK1 [−∞,0](t), computed from (58) with v = 0, and uP 1(t) = 0 and uP 2(t) =
cPξ(t)/(cPt+ ia). Then,
fPK1 [−∞,0](t) = −
2
ξ(t)
Re
∑
P=S,L
K˜P
(
ξ(t)
cP t+ i a
)
, (59)
where K˜P is the partial kinetic-energy function (55). It follows that quite generally for any motion starting from rest
fPK1 (t) = −
2
ξ(t)
Re
∑
P=S,L
K˜P
(
ξ(t)
cP t+ i a
)
− 2Re
∫ t
0
∑
P=S,L
cP dt
′
cP(t− t′) + i am˜P (vP/cP)
dvP
dt′
(t, t′). (60)
If, furthermore, the dislocation moves for t > 0 at constant speed v with ξ(t) = vt, we fall into the prototypal case of
a dislocation jumping instantaneously from rest to steady motion. Then, combining (60) with again (58) used with t1 = 0
and t2 = t, and noting that partial impulsions and kinetic energies vanish at the origin, one arrives at
fPK1 (t) =
2
a
Im
∑
P=S,L
[
cP p˜P(z)− z−1K˜P(z)
]
z=vt/(cPt+i a)
=
2
a
Im
∑
P=S,L
[
1
z
L˜P(z)
]
z=vt/(cPt+i a)
. (61)
Limits a → 0 and t → +∞ do not commute. In the Volterra limit a → 0 and subsonic regime |v| < cS (whence K˜P
and p˜P are real) expression (61) reduces (up to a change of sign; see present footnote 1)) to the self-force of the Volterra
dislocation written in terms of the dislocation kinetic energy function (Pellegrini, 2012, Eq. (67)); see also (Clifton and
Markenscoff, 1981). In the long-time limit, expression (61) reduces to the steady-state expression
fPK1 (v) =
2
a
Im
∑
P=S,L
cP
v
L˜P
(
v
cP
− i 0±
)
= −2
a
Im
∑
P=S,L
cP
v
L˜P
(
v + i 0±
cP
)
(62)
where the sign of the infinitesimal imaginary part is that of v.
This asymptotic expression is different from that for a flat-core dislocation, namely (again up to an overall change of
sign) (Pellegrini, 2014),
fPK,flat-core1 (v) = −
2
a
ImL(v + i0+), (63)
which involves the ‘standard’ Lagrangian function (50)2; see also Eqs. (2a)–(2c). The present regularization replaces
this Lagrangian L(v) by the composite function (cS/v)L˜S(v/cS) + (cL/v)L˜L(v/cL) in (62). Thus, the regularization
procedure deeply influences the self-force, and the ‘standard’ Lagrangian function may not necessarily be always relevant.
Irrespective of the model, the steady-state force is nonzero only for |v| > cS, where it accounts for Cerenkov-induced
radiative drag; e.g., (Pellegrini, 2018).
In Eq. (3.28) of the latter work the steady-state DPK force of the regularized dislocation was obtained by another
method based on the Stroh formalism (Anderson et al., 2017), for a medium of arbitrary elastic anisotropy, and for a more
general elliptical core of half semi-axes widths a‖ and a⊥. The regularization employed there reduces to the present one
if a‖ = a⊥ = a/2. If Stroh vectors suitable to the isotropic medium are employed (not provided here for brevity), the
Arcsinh(pα) term within the function F
(1)(pα) in the said Eq. (3.28) turns out not to contribute (pα denoting a Stroh
eigenvalue). Expression (62) then provides an equivalent, but notably simpler, form of the self-force. Thus, the present
approach is fully consistent with earlier results, up to regularization-specific features.
Figure 1 illustrates these results for the three dislocation characters, and parameter values a/b = 1 and cL/cS = 2.2.
Subplots (a) display the dynamics of the self-force for various terminal speeds, as a function of time, for a regularized
dislocation jumping from rest to steady speed v. The self-force goes asymptotically to zero if v is subsonic, and to a
finite value when v > cS. In the subsonic regime, the transient is a consequence of elastodynamic effective inertia.
Asymptotic values are displayed versus v in subplots (b), where they are compared with the result of (Pellegrini, 2018)
–with perfect coincidence, and with the force (63) for a flat-core dislocation. Although both models predict the same
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Figure 2: Effective width a(v) as a function of velocity v.
intersonic ‘radiation-free velocity’ v∗ =
√
2cS for the glide-edge dislocation (Eshelby, 1949; Gumbsch and Gao, 1999;
Gao et al., 1999; Markenscoff, 2001), there are striking differences: for v > cL, the radiative drag of the flat-core
dislocation increases with v, whereas that of the regularized dislocation saturates – a behavior at odds with results from
molecular dynamics. Over the whole velocity range, and irrespective of the character, the flat-core dislocation undergoes
more radiative drag than the regularized dislocation, with more realistic features if a is fixed.
However, it is possible to adjust empirocally the width of the regularized dislocation as a function of the velocity to
bring the asymptotic values of the forces on the regularized and on the flat-core dislocations into exact coincidence, using
the width a = aflat of the flat-core dislocation as a fixed reference. This velocity-dependent ‘effective width’ is shown
in Fig. 2. Contracting the effective width increases the drag, as this brings the stress field closer to its singular Volterra
limit. Such an empirical velocity-dependence is independent from the intrinsic steady-state velocity dependence of aflat
(Rosakis, 2001; Pellegrini, 2014), which is ignored in the present work.
7 Concluding discussion
In an effort to better understand the effect of regularization procedures on radiative drag and inertia, the elastodynamic
Peach-Koehler self-force has been computed analytically in isotropic continuum elasticity for a fully-regularized straight
dislocation, for prescribed, velocity-independent, core shape. Equations (37), (38), and (46) are the main result of the
paper. Within the model considered they hold for motion at any velocities and accelerations. They could be generalized
to anisotropic materials.
The calculation proceeds almost straightforwardly from a regularized version of Mura’s Green-operator expression
of the dynamic stress field and Rogula’s definition of the self-force. It requires the ‘standard’ energy-related velocity-
dependent functions (i.e., mass, impulsion, Lagrangian) to be separated into wave-specific parts. A key step consists
in making each partial mass function well-behaved at zero speed, to ensure the vanishing of a boundary term in one
partial integration. In the same manner as for the flat-core (Peierls-Eshelby) dislocation, the self-force can be expressed
in either ‘mass’ or ’impulsion’ forms, namely, as an integral over past times whose integrand involves partial-wave mass
or impulsion functions. A closed-form analytical expression for the mass functions is derived in terms of Green-operator
components, Eq. (37). In the Volterra limit, these regularized expression go to the ill-defined expression (1a), with no
‘undetermined’ term, and the partial mass functions combine additively into the ’standard’ one.
The present derivation, which unambiguously defines the mass functions as second derivatives of Lagrangian func-
tions, rules out earlier alternative definitions of the mass, such as by Sakamoto (1991). It moreovermakes it quite plausible
that, irrespective of the regularization procedure, the need for partial-wave decompositions of all energy-related functions
should be the rule rather than the exception, although confirmation would require trying out alternative regularization
procedures. In this respect, the flat-core dislocation model, which only needs the ‘standard’ energy-related functions, but
whose dynamic force involves a separate radiation term outside the time integral, stands as a very peculiar one.
From the physical standpoint, regularization is shown to have a profound effect on the steady-state limit of the self-
force, which is an important conclusion in the perspective of predicting high-velocity stress-strain mobility laws for
dislocations. Computed with same fixed core width, the radiative drags of the regularized and flat-core dislocations are
markedly different at high velocities. However, they can be brought into coincidence in the steady state by introducing an
empirical velocity-dependent effective core width a(v) for the regularized model, which suggests that the regularization
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considered might be quite versatile. However, time-dependence of the core width has not been considered, which is left
to future work.7
Finally, it is recalled that that besides the PK term, the dynamic force on a dislocation also comprises a contribution
akin to the Lorentz force in electrodynamics Nabarro (1951b); Eshelby (1956b); Mura (1987). Gurrutxaga-Lerma et al.
(2020) consider it a ‘mathematical curiosity’ as it operates orthogonally to the velocity vector, does no work (Lund, 1996,
1998), and cannot play any role if the dislocation is constrained to a unique slip plane, or if a loop translates with uniform
velocity (Male´n, 1970). Its expression reads (Rogula, 1965)
fLi (t) = −ρ
∫
d3r vk(r, t)Iki(r, t). (64)
It can be easily evaluated by the method of Sec. 4.3. Due to the vanishing of the Green operator’s gradient components
G11,2, G12,1, G22,2, and G33,2, on which it exclusively depends, the result turns out to be identically zero for a straight
dislocation, whatever the character. However, Male´n’s analysis (see above reference) suggests that the case of a loop with
non-uniform local velocities should deserve a detailed investigation.
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A Elements of regularized Green function
The nonzero Green function elements of interest read, with zS = vS/cS and zL = vL/cL,
G˙
(2)a
11 (ξ(t)− ξ(t′), 0, t− t′) =
c2S
2πµ
Re
1
[ξ(t)− ξ(t′)]2
[
1− 2 z2L
(1− z2L)3/2
− 1√
1− z2S
]
, (65a)
G˙
(2)a
22 (ξ(t)− ξ(t′), 0, t− t′) =
c2S
2πµ
Re
1
[ξ(t)− ξ(t′)]2
[
1− 2 z2S
(1− z2S)3/2
− 1√
1− z2L
]
, (65b)
G˙
(2)a
33 (ξ(t)− ξ(t′), 0, t− t′) = −
c2S
2πµ
Re
1
[ξ(t) − ξ(t′)]2
z2S
(1− z2S)3/2
, (65c)
G
(2)a
11,1(ξ(t)− ξ(t′), 0, t− t′) =
cS
2πµ
Re
1
[ξ(t)− ξ(t′)]2
[
2− z2S
zS
√
1− z2S
− cS
cL
2− 3 z2L
zL (1− z2L)3/2
]
, (65d)
G
(2)a
12,2(ξ(t)− ξ(t′), 0, t− t′) =
cS
2πµ
Re
1
[ξ(t)− ξ(t′)]2
[
cS
cL
2− z2L
zL
√
1− z2L
− 2− z
2
S
zS
√
1− z2S
]
, (65e)
G
(2)a
22,1(ξ(t)− ξ(t′), 0, t− t′) =
cS
2πµ
Re
1
[ξ(t)− ξ(t′)]2
[
cS
cL
2− z2L
zL
√
1− z2L
− 2− 3 z
2
S
zS (1− z2S)3/2
]
, (65f)
G
(2)a
33,1(ξ(t)− ξ(t′), 0, t− t′) =
cS
2πµ
Re
1
[ξ(t)− ξ(t′)]2
z3S
(1− z2S)3/2
. (65g)
From Eqs. (65a)–(65g), and definitions (32a), (32b), one deduces after subtraction of leading-order terms as discussed
in the main text, that
HS11(z) = −(1− z2)−1/2 + 1, HL11(z) = (1− 2 z2)(1 − z2)−3/2 − 1, (66a)
HS22(z) = (1 − 2 z2)(1− z2)−3/2 − 1, HL22(z) = −(1− z2)−1/2 + 1, (66b)
HS33(z) = −z2(1 − z2)−3/2, HL33(z) = 0, (66c)
HS111(z) = z
−1(2− z2)(1− z2)−1/2 − 2z−1, HL111(z) = −(φ z)−1(2 − 3 z2)(1 − z2)−3/2 + 2(φ z)−1, (66d)
HS122(z) = −z−1(2 − z2)(1 − z2)−1/2 + 2z−1, HL122(z) = (φ z)−1(2 − z2)(1 − z2)−1/2 − 2(φ z)−1, (66e)
HS221(z) = −z−1(2 − 3 z2)(1 − z2)−3/2 + 2z−1, HL221(z) = (φ z)−1(2− z2)(1 − z2)−1/2 − 2(φ z)−1, (66f)
HS331(z) = z
3(1− z2)−3/2, HL331(z) = 0. (66g)
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